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Abstract
We obtain an integrable two-leg supersymmetric t–J model through the
algebraic Bethe ansatz scheme in the BFF grading. In this model, the two t–J
chains interact with each other via a coupling constant κ . The model reduces
to a two-chain Heisenberg spin model when the bosonic degrees of freedom
are turned off and to two decoupled t–J chains when κ = 0. The construction
of the diagonalized Hamiltonian yields the Bethe ansatz equations. We also
obtain thermodynamic Bethe ansatz equations and calculate the magnetic
susceptibility at a weak magnetic field and at zero temperature.

PACS numbers: 7127, 7510, 7540

1. Introduction

The spin-ladder system has been a candidate for describing high-Tc superconductivity
phenomena since it appears in the realized form of Sr and other compounds, despite the fact that
the maximum critical temperature has only reached 12 K as yet [1–5]. On the basis of many
theoretical studies, it is well known that spin gaps appear in the even-legged Heisenberg spin-
ladder model [6–8] and there have been further investigations including efforts to construct new
integrable ladder systems [9–13]. However, despite the success of the model in giving pseudo-
gap regime which is a general feature of a transition metal oxide with superconductivity, it has
failed to be theoretically extended into the superconducting phase. This has led the attention
of many physicists to a more realistic model which includes the charge degree of freedom so
that one can consider the interaction between spinons and holons which is believed to play an
essential role in the mechanism of high-Tc superconductivity [14]. Recently, the t–J ladder
system has been studied as one of those models. Zhang and Rice first suggested the possibility
that a t–J model could represent strongly correlated systems [15]. Although the Hamiltonian
of this model has much simplified terms compared with the real systems, it is not easy for
theorists to handle both exactly and perturbatively. On the other hand, the one-dimensional
(1D) t–J model with supersymmetry, i.e. J = 2t , was solved exactly by a coordinate Bethe
ansatz method [16,17] and also by an algebraic scheme [18]. In the latter, the model was treated
with the three possible ways of FFB, BFF and FBF grading depending on which R-matrix was
chosen.
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In this paper, we diagonalize a coupled supersymmetric t–J model with BBF grading and
discuss ground-state properties of the model. In this grading the ground state is composed
of only real rapidities, hence the calculation to obtain the ground-state properties is simpler
than in other gradings and also the model is directly mapped on the single supersymmetric
t–J model and the coupled Heisenberg model in special limits. The integrable Hamiltonian of
the model is obtained in section 2 following a similar procedure in [9,10] where an integrable
family of two-chain Heisenberg spin- 1

2 models has been discussed by extending the symmetry
algebra. In section 3, the discrete Bethe ansatz equations are obtained by means of the algebraic
diagonalization via the quantum inverse scattering method [21] for the BFF-graded version.
These equations are reduced to the coupled Heisenberg spin- 1

2 model when every lattice site
has a spin- 1

2 electron without vacancy. In section 4, thermodynamic Bethe ansatz equations
are obtained using string hypothesis. Ground-state properties in a weak magnetic field are
followed in section 5. Concluding remarks follow in section 6.

2. Model Hamiltonian

Let us start with theR-matrix of the 1D supersymmetric t–J model constructed by the algebraic
method in [18],

Rjl(λ) = i

λ + i
Ijl +

λ

λ + i
Pjl (2.1)

where λ is the spectral parameter and the matrices Ijl (Pjl) are the identity (permutation)
operators acting on j th and lth spaces simultaneously. In this model, there are three possible
situations at a site, that is, empty, occupied by spin-up, or by spin-down electron with s = 1

2 .
We exclude double occupancies for the integrability. Since one can treat the empty sites as
holes or bosons while the occupied ones are treated as fermions, the matrix elements of the
identity and the permutation operator are given, respectively, by

Iαβ
γσ = δαβδγσ

P αβ
γσ = δασ δγβ(−1)εαεγ

(2.2)

where εα are the Grassmann parities with εα = 0 for the bosonic representations and εα = 1
for the fermionic ones. Hence they are also taken into account in defining the graded tensor
product space, in which for any two linear operators A and B,

(A ⊗ B)αβγσ = AαβBγσ (−1)εγ (εα+εβ ). (2.3)

It is known that for any Yang’s R-matrices acting on vector spaces in their irreducible
representations, we can uniquely determine the extended R-matrices associated with tensor
products of those representations [9, 22]. Hence, from equation (2.1), we can obtain a new
R-matrix on the extended space,

R(λ) = Rj2j3(λ + κ)Rj2j4(λ + κ − κ ′)Rj1j3(λ)Rj1j4(λ − κ ′) (2.4)

with the shift parameters κ and κ ′ being coupling constants. For simplicity, we only consider
the case of κ being equal to κ ′. Defining an L operator on site n as Ln(λ) = PmnRmn(λ), the
monodromy matrix T (λ) is given by

T (λ) = τ(λ + κ) ⊗ τ(λ)

τ(λ) = L2Na
(λ)L2Na−1(λ − κ)L2Na−2(λ)L2Na−3(λ − κ) · · ·L2(λ)L1(λ − κ)

(2.5)
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where Na is the number of sites in a single chain. Note that the R-matrix satisfies the Yang–
Baxter equation

R(λ − µ)
(
Lj(λ) ⊗ Lj(µ)

) = (
Lj(µ) ⊗ Lj(λ)

)R(λ − µ). (2.6)

After calculating the transfer matrix T (λ) by taking a supertrace of the monodromy matrix
as

T (λ) = str[T (λ)] = T (λ)11 − T (λ)22 − T (λ)33 (2.7)

the Hamiltonian of this system can be obtained by

H = − i

2

[
∂

∂µ
ln T (µ)

]
µ=0

− 2

(
κ2 + 2

κ2 + 1

)
Na. (2.8)

The resulting Hamiltonian is written as

H = − 1

κ2 + 1

Na∑
j=1

[
(Xσ0

2j−1X
0σ
2j + Xσ0

2j X
0σ
2j+1 + h.c.) − Xστ

2j−1X
τσ
2j − Xστ

2j X
τσ
2j+1

+X00
2j−1X

00
2j + X00

2jX
00
2j+1 + 2I

]
+

iκ

2(κ2 + 1)

Na∑
j=1

{[
Xσ0

2j−1X
0τ
2j−2(δστX

00
2j + Xτσ

2j )

+Xσ0
2j X

0τ
2j−1(δστX

00
2j−2 + Xτσ

2j−2) + Xσ0
2j−2X

0τ
2j (δστX

00
2j−1 + Xτσ

2j−1)

−Xστ
2j X

ττ ′
2j−1X

τ ′σ
2j−2 − h.c.

]
+
[
Xσ0

2j X
0τ
2j+1(δστX

00
2j−1 + Xτσ

2j ) + Xσ0
2j−1X

0τ
2j (δστX

00
2j+1 + Xτσ

2j+1)

+Xσ0
2j+1X

0τ
2j−1(δστX

00
2j + Xτσ

2j ) − Xστ
2j−1X

ττ ′
2j Xτ ′σ

2j+1 − h.c.
]}

− κ2

2(κ2 + 1)

Na∑
j=1

[
(Xσ0

2j−2X
0σ
2j + Xσ0

2j−1X
0σ
2j+1 + h.c.) − Xστ

2j−2X
τσ
2j

−Xστ
2j−1X

τσ
2j+1 + X00

2j−2X
00
2j + X00

2j−1X
00
2j+1 + 2I

]
. (2.9)

X
αβ

j is the Hubbard operator of j th site with α and β being −1, 0 or 1, i.e.

Xστ
j = C

†
jσCjτ σ, τ = ±1

Xσ0
j = (1 − nj,−σ )C

†
jσ

X0σ
j = (1 − nj,−σ )Cjσ

X00
j = I −

∑
σ

nj,σ

(2.10)

where C
†
jσ (Cjσ ) is the creation (annihilation) operator of the spin-σ/2 electron of the j th site

and the number operator is defined by njσ = C
†
jσCjσ . If j is odd (even), then the electron lies

in the first (second) chain. The first and third sums represent the nearest-neighbour interchain
and intrachain interactions, respectively. The second sum, which shows a chiral interaction, is
a consequence of the integrability of this model.
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3. Discrete Bethe ansatz equations

As we mentioned above, there are three possible ways to describe our Hamiltonian by the
algebraic Bethe ansatz method. Although all of them represent the same physics, the features
of the resulting equations are somewhat different. From now on, we will focus on the ‘BFF
grading’ along the lines of the extension of the two-chain Heisenberg spin model, where the
system is considered to have a fermionic background. Hence we define the Grassmann parities
as ε1 = 0 and ε2 = ε3 = 1, such that

P =




e11 e21 e31

e12 −e22 −e32

e13 −e23 −e33


 (eij )lm = δilδjm. (3.1)

Now, let |λ1λ2 · · · λN 〉 be the eigenstate of the transfer matrix satisfying

T |λ1λ2 · · · λN 〉 = t (λ + κ)t (λ)|λ1λ2 · · · λN 〉
= ε(λ + κ)ε(λ)|λ1λ2 · · · λN 〉 (3.2)

where ε is the eigenvalue of the single-chain transfer matrix t . The second line of equation (3.2)
arises from the fact that if t (λ) is diagonalized for the state, then T is also diagonalized. t (λ)
is obtained by taking a supertrace of the single chain monodromy matrix τ(λ) which reads

τ(λ) =




A11 A12 B1

A21 A22 B2

C1 C2 D


. (3.3)

Using intertwining relations

L(λ − µ)
a1a2
b1b2

τ(λ)
a2a3
αiβi

τ (µ)
b2b3
βiγi

(−1)εa1 εb1 +εb2 (εa2 +εa3 )

= τ(µ)
b1b2
αiβi

τ (λ)
a1a2
βiγi

L(λ − µ)
a2a3
b2b3

(−1)εa3 εb3 +εa1 (εb1 +εb2 ) (3.4)

the commutation relations between the elements of τ are obtained as follows:

Aab(µ)Cc(λ) = (−1)εaεp+εa+εb
r(µ − λ)dcpb

a(µ − λ)
Cp(λ)Aad(λ)

+(−1)(εa+1)(εb+1) b(µ − λ)

a(µ − λ)
Cb(µ)Aac(λ)

D(µ)Cc(λ) = 1

a(µ − λ)
Cc(λ)D(µ) +

b(λ − µ)

a(λ − µ)
Cc(λ)D(µ)

Ca1(λ1)Ca2(λ2) = r ′(λ2 − λ1)
a2b1
a1b2

Cb2(λ2)Cb1(λ1)

(3.5)

where

r(µ)abcd = b(µ)I ab
cd + a(µ)P ab

cd

r ′(µ)abcd = b(µ)I ab
cd + a(µ)P ′ab

cd a, b, c, d = 1, 2

P ′ab
cd = δadδbc(−1)(εa+1)(εc+1)

a(µ) = µ

µ + i

b(µ) = i

µ + i
.
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In terms of the elements of τ(λ), the eigenstate of the transfer matrix is written as

|λ1 · · · λN 〉 =
∑

a1···aN
F aN ···a1Ca1(λ1) · · ·CaN (λN)|0〉 (3.6)

where the vacuum state |0〉 means that all sites are empty. Using the relations in (3.5) and

D(µ)|0〉 =
[

a(µ)a(µ − κ)

a(−µ)a(−µ + κ)

]Na

|0〉

Aab(µ)|0〉 = [a(µ)a(µ − κ)]Na |0〉δab
(3.7)

we obtain the transfer matrix t acting on the state |λ1 · · · λN 〉
t (µ)|λ1 · · · λN 〉 = [A11(µ) − A22(µ) − D(µ)]|λ1 · · · λN 〉

= −
[

a(µ)a(µ − κ)

a(−µ)a(−µ + κ)

]Na

[
N∏

j=1

1

a(µ − λj )

]
FaN ···a1

N∏
l=1

Cal (λl)|0〉

+[a(µ)a(µ − κ)]Na

[
N∏

j=1

1

a(µ − λj )

]
t ′(µ)b1···bN

a1···aN F aN ···a1

N∏
l=1

Cbl (λl)|0〉

+
N∑

k=1

[
/(λk)

p1···pN

a1···aN − /̃(λk)
p1···pN

a1···aN
]
FaN ···a1 Cpk

(µ)

N∏
l=1(
=k)

Cpl
(λl)|0〉. (3.8)

Here t ′(µ), /(λk) and /̃(λk) are the expressions as follows:

t ′(µ)b1···bN
a1···aN = L′(µ − λN)

bdN−1
bNaN

L′(µ − λN−1)
dN−1dN−2
bN−1aN−1

· · ·L′(µ − λ2)
d2d1
b2a2

L′(µ − λ1)
d1b
b1a1

×(−1)εb+
∑N−1

i=1 (εb+εdi )(εbi +1)

/(λk)
p1···pN

a1···aN = [a(λk)a(λk − κ)]Na
b(µ − λk)

a(µ − λk)

[
N∏

j=1(
=k)

1

a(λk − λj )

][
k−1∏
j=1

a(λk − λj )

a(λj − λk)
δpj aj

]

×(−1)
εpk

[∑k−1
j=1(εaj +1)+

∑N
j=k+1(εpj +1)

]
+
∑N−1

j=k+1 εdj +
∑N

j=k+1 εdj εpj +
∑k

j=1(εaj +1)

×L′(λk − λN)
pkdN−1
pNaN

L′(λk − λN−1)
dN−1dN−2
pN−1aN−1

· · ·L′(λk − λk+1)
dk+1ak
pk+1ak+1

/̃(λk)
b1···bN
a1···aN =

[
a(λk)a(λk − κ)

a(−λk)a(−λk + κ)

]Na b(λk − µ)

a(λk − µ)

[
N∏

j=1(
=k)

1

a(λk − λj )

]

×δaNbN δaN−1bN−1 · · · δak+1bk+1

×r ′(λk − λk−1)
akbk−1
ak−1ck−1

r ′(λk − λk−2)
ck−1bk−2
ak−2ck−2

· · · r ′(λk − λ2)
c3b2
a2c2

r ′(λk − λ1)
c2b1
a1bk

with

L′(µ)abcd = (−1)εbεd r(µ)adcb .

It is straightforward from equation (3.8) to show that t is diagonalized if the following two
conditions are satisfied at the same time:

/(λk)
p1···pN

a1···aN F aN ···a1 = /̃(λk)
p1···pN

a1···aN F aN ···a1 (3.9)

t ′(µ)b1···bN
a1···aN F

aN ···a1 = ε′(µ)F bN ···b1 . (3.10)
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Equation (3.9) makes the unwanted off-diagonal terms in (3.8) vanish and equation (3.10)
causes the second term to be diagonal. After some tedious calculations, equation (3.9) reduces
to

t ′(λk)
f1···fN

a1···aN F
aN ···a1 = [a(−λk)a(κ − λk)]

−Na F fN ···f1 (3.11)

where λk is not arbitrary contrary to the arbitrary µ in (3.10). Equation (3.10) is exactly the
same as the nested Bethe ansatz obtained in the single-chain supersymmetric t–J model as
expected. Hence, equation (3.10) is rewritten as the algebraic equation

t ′(µ)|ν1 · · · νM〉 = ε′(µ)|ν1 · · · νM〉 (3.12)

where νi are the rapidities in this nesting and M denotes the number of empty sites. This
nested eigenequation yields

ε′(µ) =
M∏
l=1

1

a(µ − νl)

[
N∏

j=1

a(µ − λj ) −
N∏

j=1

a(µ − λj )

a(λj − µ)

]
(3.13)

and
N∏

j=1

a(λj − νl) = 1 l = 1, . . . ,M. (3.14)

The latter equations come from the condition of vanishing of the unwanted terms. It is clear
that from equations (3.11) and (3.13)

[a(−λk)a(κ − λk)]
−Na =

[
N∏

j=1(
=k)

a(λk − λj )

a(λj − λk)

]
M∏
l=1

1

a(λk − νl)
. (3.15)

Hence the eigenvalue of t (µ) becomes

ε(µ) = −
[

a(µ)a(µ − κ)

a(−µ)a(−µ + κ)

]Na N∏
j=1

1

a(µ − λj )

+ [a(µ)a(µ − κ)]Na

[
N∏

j=1

1

a(µ − λj )

]
ε′(µ). (3.16)

Equations (3.14) and (3.15) bring forth the Bethe ansatz equations and the total energy of our
model can be obtained by substituting equation (3.16) into

E = − i

2

[
∂

∂µ
ln ε(µ + κ)ε(µ)

]
µ=0

− 2

(
κ2 + 2

κ2 + 1

)
Na. (3.17)

With the replacement of λj → 1
2 (λj + κ − i) and νl → 1

2 (νl + κ − 2i), we obtain, the so-called
discrete Bethe ansatz equations(
λk + κ + i

λk + κ − i

)Na
(
λk − κ + i

λk − κ − i

)Na

= −
(

N∏
j=1

λk − λj + 2i

λk − λj − 2i

)(
M∏
l=1

λk − νl − i

λk − νl + i

)
k = 1, . . . , N

N∏
j=1

λj − νl − i

λj − νl + i
= 1 l = 1, . . . ,M (3.18)
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with the energy

E = −2
N∑

j=1

[
1

(λj + κ)2 + 1
+

1

(λj − κ)2 + 1

]
. (3.19)

These equations reduce to those for the single-chain supersymmetric t–J model with 2Na-
lattice sites [18] when the coupling constant κ is zero and those for the spin- 1

2 Heisenberg
ladder with two legs in the limit of no empty sites [9, 10, 19] as expected.

At zero temperature, all rapidities have real values giving the lowest energy. Hence, after
taking the logarithm of (3.18) directly and introducing the usual particle (hole) distribution
functions ρ(ρh) for the rapidity λ and σ (σh) for ν [23] in the thermodynamic limit where
Na → ∞ but withN/Na andM/Na remaining finite, the discrete Bethe ansatz equations (3.18)
are rewritten as

ρ(λ) + ρh(λ) = 1
2 [a1(λ + κ) + a1(λ − κ)] − a2 ∗ ρ(λ) + a1 ∗ σ(λ)

σ (λ) + σh(λ) = a1 ∗ ρ(λ)
(3.20)

and the energy in (3.19) is expressed as

E

2Na

= −2π
∫

[a1(λ − κ) + a1(λ + κ)] ρ(λ) dλ. (3.21)

Here, an(λ) is defined as

an(λ) = 1

π

n

λ2 + n2
n > 0

an(λ) = 0 n � 0

and ∗ denotes the convolution defined by

f ∗ g(λ) =
∫

dλ′ f (λ − λ′)g(λ′).

In the case where half of the sites are occupied by spin-up electrons and the rest by
spin-down, i.e. N = Na and M = 0, the distribution functions satisfy

ρ(λ) = 1
2 [g0(λ + κ) + g0(λ − κ)]

σh(λ) = 1
2 [g1(λ + κ) + g1(λ − κ)]

(3.22)

with

gn(λ) ≡ 1

2π

∫
dω

e−n|ω|

2 cosh |ω|e−iλω

since ρh(λ) = σ(λ) = 0. Inserting these results into the energy in (3.21), we obtain the
ground-state energy per site as

E0

2Na

= −2π [g1(0) + g1(2κ)]. (3.23)

Note that this energy in (3.23) is the same as that of the two-leg Heisenberg spin ladder coupled
by κ [10, 19] and reduces to that of the single Heisenberg spin chain, −2 ln 2, for κ = 0 [20],
as expected.
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4. Thermodynamic equations

When we turn on a magnetic field or temperature, it is necessary to consider the complex
solutions of rapidities in the discrete Bethe ansatz equations for the lowest free energy [24].
Using the string hypothesis, λ±

k = ν ′
k ± i, k = 1, 2, . . . ,M ′ and λα,k

n = λα
n + i(n + 1 − 2k) for

k = 1, 2, . . . , n, α = 1, 2, . . . ,Mn, and n = 1, 2, . . . ,∞. Note that
∑∞

n nMn = N − 2M ′.
The νk not coupled with λ±

k are all real. After replacing the rapidities in equation (3.18) with
the above string solutions and taking logarithms of both sides, we have, in the thermodynamic
limit,

ρnh(λ) = 1
2 [an(λ + κ) + an(λ − κ)] −

∞∑
m=1

Anm ∗ ρm(λ) − (an−2 + an + an+2) ∗ σ ′(λ)

+δn,1a1 ∗ σ ′(λ) + an ∗ σ(λ)

σ ′(λ) + σ ′
h(λ) = 1

2 [a2(λ + κ) + a2(λ − κ)] −
∞∑

m=2

[
am−2 + am + am+2

] ∗ ρm(λ)

+a1 ∗ ρ1(λ) − a4 ∗ σ ′(λ) + a2 ∗ σ(λ)

σ (λ) + σh(λ) =
∞∑

m=1

am ∗ ρm(λ) + a2 ∗ σ ′(λ)

(4.1)

where ρn(ρnh), σ ′(σ ′
h) and σ(σh) are the particle (hole) distribution functions for the rapidities

λα
n , ν ′

k and νk , respectively, and

Anm(λ) = a|n−m|(λ) + 2
[
a|n−m|+2(λ) + · · · + an+m−2(λ)

]
+ an+m(λ) n 
= m

Ann(λ) = δ(λ) + 2
[
a2(λ) + a4(λ) + · · · + a2n−2(λ)

]
+ a2n(λ).

The energy in (3.19) is also rewritten as

E

2Na

= −2π
∞∑
n=1

∫
dλ ρn(λ) [an(λ + κ) + an(λ − κ)]

−2π
∫

dλ σ ′(λ) [a2(λ + κ) + a2(λ − κ)]. (4.2)

Now we consider the temperature effect by adding the entropy contribution to the energy.
Since the entropy is defined as the logarithm of the number of all possible states, the entropy
per site can be written as

S

2Na

=
∞∑
n=1

∫
dλ [(ρn + ρnh) ln(ρn + ρnh) − ρn ln ρn − ρnh ln ρnh]

+
∫

dλ [(σ + σh) ln(σ + σh) − σ ln σ − σh ln σh]

+
∫

dλ
[
(σ ′ + σ ′

h) ln(σ ′ + σ ′
h) − σ ′ ln σ ′ − σ ′

h ln σ ′
h

]
. (4.3)

With an external magnetic field H , the magnetization per site is expressed as

Sz

2Na

= 1

2

[
1 −

∞∑
n=1

2n
∫

dλ ρn(λ) − 3
∫

dλ σ ′(λ) −
∫

dλ σ(λ)

]
. (4.4)

Collecting equations (4.2)–(4.4), and introducing the Lagrange multiplier for the constraint
that the total number of electrons, 2Na −M , remains constant, we can express the free energy
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G = E − T S − HSz − A(2Na − M) in terms of the distribution functions. The Lagrange
multiplier A is the chemical potential of the system.

The minimization of our free energy over the distribution functions gives us the following
thermodynamic Bethe ansatz equations:

ln(1 + ρnh/ρn) = 1

T
[nH − 2π (an(λ + κ) + an(λ − κ))] +

∞∑
m=1

Anm ∗ ln(1 + ρm/ρmh)

−an ∗ ln(1 + σ/σh) + (an−2 + an + an+2 − δn,1a1) ∗ ln(1 + σ ′/σ ′
h)

ln(σ ′
h/σ

′) = 1

T

[
3H

2
+ A − 2π (a2(λ + κ) + a2(λ − κ))

]
− a1 ∗ ln(1 + ρ1/ρ1,h)

+
∞∑
n=1

(an−2 + an + an+2) ∗ ln(1 + ρn/ρnh) − a2 ∗ ln(1 + σ/σh)

+a4 ∗ ln(1 + σ ′/σ ′
h)

ln(σh/σ ) = 1

T

(
−H

2
+ A

)
−

∞∑
n=1

an ∗ ln(1 + ρn/ρnh) − a2 ∗ ln(1 + σ ′/σ ′
h).

(4.5)

Then, using these equations the free energy per site is reduced to a simple form,

G − E0

2Na

= −A − T

2

∫
dλ [g0(λ + κ) + g0(λ − κ)] ln(1 + ρ1,h/ρ1)

−T

2

∫
dλ [g1(λ + κ) + g1(λ − κ)]

[
ln(1 + σ/σh) + ln(1 + σ ′/σ ′

h)
]
. (4.6)

The next section is devoted to obtaining some special solutions of (4.5) and the magnetic
susceptibility for a sufficiently weak magnetic field in the zero-temperature limit when κ is
sufficiently small.

5. Zero-temperature limit

Let us introduce the usual energy potentials, εn, φ′ and φ, defined as ρnh/ρn = eεn/T ,
σ ′
h/σ

′ = eφ
′/T and σh/σ = eφ/T , respectively. After some calculation, it can be shown

that εn(λ) > 0 with n � 2 in the T = 0 limit and hence equation (4.5) reduces to

ε1(λ) = H − 2π [a1(λ − κ) + a1(λ + κ)] − a2 ∗ ε−
1 (λ) − a3 ∗ φ′−(λ) + a1 ∗ φ−(λ)

φ′(λ) = 3H

2
+ A − 2π [a2(λ − κ) + a2(λ + κ)] − a3 ∗ ε−

1 (λ)

−a4 ∗ φ′−(λ) + a2 ∗ φ−(λ)

φ(λ) = −H

2
+ A + a1 ∗ ε−

1 (λ) + a2 ∗ φ′−(λ)

(5.1)

and the free energy (4.6) becomes

G − E0

2Na

= −A − 1

2

∫
dλ [g0(λ − κ) + g0(λ + κ)] ε+

1 (λ)

+
1

2

∫
dλ [g1(λ − κ) + g1(λ + κ)]

[
φ′−(λ) + φ−(λ)

]
(5.2)

where ε+
1 (ε−

1 ) = ε1 for ε1 > 0 (ε1 < 0) while ε+
1 (ε−

1 ) = 0 for ε1 � 0 (ε1 � 0),
with φ± and φ′± having the same definitions. Note that all functions are invariant under
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the transformation λ → −λ. In the reduced Bethe ansatz equation (5.1), κ plays a very
critical role for the λ dependence of the newly introduced functions, εn, φ′ and φ. Since
it is difficult to deal analytically with an arbitrary value of κ , from now on we restrict
ourselves to the case of κ � ln 2. For the half-filled ground state without the magnetic
field, ε1(λ) = −4π [g0(λ − κ) + g0(λ + κ)], φ′(λ) � 0, and φ(λ) � 0 with the constraint of
the zero-T and zero-field chemical potential A0 � 8πg1(λ). The corresponding free energy
is obtained as

G − E0

2Na

= −A0 (5.3)

shifted by −A0 per site.
What we present here are the solutions for an almost half-filled band under the small

magnetic field of H � 1/ cosh(πκ/2) with φ′(λ) � 0, so that one may concentrate only on
two coupled equations,

ε1(λ) = H

2
− 2π [g0(λ − κ) + g0(λ + κ)] +

∫ Q

−Q

dλ′ g0(λ − λ′)φ(λ′)

+

(∫ −B

−∞
+
∫ ∞

B

)
dλ′ g1(λ − λ′)ε1(λ

′)

φ(λ) =
(

−H

2
+ A

)
+
∫ B

−B

dλ′ a1(λ − λ′)ε1(λ
′)

(5.4)

where B and Q are positive parameters satisfying ε(±B) = 0 and φ(±Q) = 0, respectively.
In the limit we are considering, B is always much larger than Q. Hence, for λ > 0,∫ Q

−Q

dλ′ g0(λ + B − λ′)φ(λ′) � g0(λ + B)

∫ Q

−Q

dλ′ e
1
2 πλ′

φ(λ′)

and the first equation in (5.4) is rewritten as

y(λ) = H

2
− R(κ,Q)g0(λ + B) +

∫ ∞

0
dλ′ [g1(λ − λ′) + g1(λ + λ′ + 2B)

]
y(λ′) (5.5)

where y(λ) = ε1(λ + B) and

R(κ,Q) = 4π cosh
π

2
κ −

∫ Q

−Q

dλ′ e
1
2 πλ′

φ(λ′). (5.6)

Equation (5.5) is similar to the Heisenberg-spin model except for R(κ,Q) which contains
information related to the coupling constant κ and the chemical potential. Replacing y(λ)

with y1(λ) + y2(λ), we have

y1(λ) = H

2
− R(κ,Q)g0(λ + B) +

∫ ∞

−∞
dλ′ g1(λ − λ′)y+

1 (λ
′)

y2(λ) =
∫ ∞

−∞
dλ′ g1(λ + λ′ + 2B)y+

1 (λ
′) +

∫ ∞

−∞
dλ′ g1(λ − λ′)y+

2 (λ
′)

(5.7)

where y+
i (λ) = yi(λ) if λ > 0 and y+

i = 0 otherwise. Using the Wiener–Hopf method [25], it
is obtained that

ỹ+(w) �
[
πHG−(0)δ+(w) − πe− 1

2 πBG−
(

−i
π

2

)
R(κ,Q)δ+

(
w + i

π

2

)]
G+(w) (5.8)
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where

G±(w) ≡
√

2πf±(w)

B
(

1
2 ∓ iw/π

)
and

f±(w) =
[∓iw + 0

eπ

]∓iw/π

.

Applying the boundary condition y+(0) = 0, we have

B = − 2

π
ln

[
HG−(0)

G+(iπ/2)R(κ,Q)

]
and

ỹ+(w) � πG−(0)H
[
δ+(w) − δ+

(
w + i

π

2

)]
G+(w). (5.9)

Meanwhile, the second equation in (5.4) can be rewritten in the more convenient form

φ(λ) = A − 2π [g1(λ − κ) + g1(λ + κ)] +
∫ Q

−Q

dλ′ g1(λ − λ′)φ(λ′)

−
∫ ∞

0
dλ′ [g0(λ − λ′ − B) + g0(λ + λ′ + B)

]
y+(λ′). (5.10)

Substituting equation (5.9) into the above and using the relation

g1(λ) = 1

4π
Re

[
ψ

(
1 + i

λ

4

)
− ψ

(
1

2
+ i

λ

4

)]

� 1

2π

[
ln 2 − 3

16
ζ(3)λ2 +

15

256
ζ(5)λ4 + · · ·

]
λ � 1

where ψ is the digamma function and ζ is the Riemann zeta function, φ(λ), which satisfies,
for |λ| � Q,

φ(λ) = A − 2π [g1(λ − κ) + g1(λ + κ)] +
1

2π

[
ln 2 − 3

16
ζ(3)λ2

]
R1

+
3

16π
ζ(3)λR2 − 3

32π
ζ(3)R3 − cosh π

2 λ

πR(κ,Q)
H 2 (5.11)

with

Rn ≡
∫ Q

−Q

dλ′ (λ′)n−1
φ(λ′).

Hence R(κ,Q) in (5.6) can be expanded as

R(κ,Q) = 4π cosh
π

2
κ −

[
R1 +

π

2
R2 +

π2

8
R3 + · · ·

]
with Rn having the leading order of Qn+2. Let us suppose that κ is close to Q so that both have
the same order of magnitude. Then the boundary condition φ(Q) = 0 yields the relation of
the chemical potential and φ(λ) for |λ| � Q with Q and H

φ(λ) � −
[

3

8
ζ(3) − H 2

32

(
1 − π2

8
κ2

)] (
Q2 − λ2

) |λ| � Q

A � 2 ln 2 − 3

8
ζ(3)κ2 +

H 2

4π2

(
1 − π2

8
κ2

)
−
[

3

8
ζ(3) − H 2

32

(
1 − π2

8
κ2

)]
Q2

(5.12)
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where

R(κ,Q) � 4π cosh
π

2
κ − 1

2
ζ(3)Q3

has been used. Note that H and Q are also related to B as

B � − 4

π
ln

[ √
2H

8π2 cosh π
2 κ − πζ(3)Q3

]
.

The resulting free energy becomes

G − E0

2Na

= −2 ln 2 +
3

8
ζ(3)

(
κ2 + Q2

)−
[

1

2π2
+

1

32

(
Q2 − κ2

)]
H 2 (5.13)

up to order Q2 or κ2, from which one can straightforwardly obtain the corresponding magnetic
susceptibility,

χs = 1

π2
+

1

16

(
Q2 − κ2

)
. (5.14)

In the limit of Q and κ being zero, it leads us to the susceptibility of the two-chain Heisenberg
spin- 1

2 model in a small magnetic field [10].

6. Concluding remarks

An integrable coupled supersymmetric t–J model was considered as an extension of the
coupled Heisenberg spin chains. Our Hamiltonian reduces to a single t–J chain with 2Na

sites in the limit of κ → ∞, whereas we have two independent t–J chains when κ = 0. The
corresponding Bethe ansatz equations and energy were constructed through the diagonalization
of the extended transfer matrix within the framework of BFF grading. The thermodynamic
Bethe ansatz equations were also obtained. At zero temperature we found the energy and the
magnetic susceptibility under a weak magnetic field, limiting ourselves to the case of κ � ln 2.
This limit led us to the usual Wiener–Hopf-type integral equations so that the ground state was
continuously changed as the magnetic field increased. Hence the spin excitations show no gap
at least with a weak coupling between the t–J chains. This might be a consequence of the
unnatural terms describing three-neighbouring site interactions in Hamiltonian (2.9) and the
limit of small κ . We cannot neglect the three-neighbouring site interactions because of the
integrability of the model [26], while the large-coupling limit can be treated numerically and
is quite interesting in the sense that it is expected to provide some new features. Detailed work
will be published elsewhere.

It is also very interesting to study the low-temperature properties such as the specific heat
and the magnetic susceptibility at a finite temperature. These properties can be obtained by
solving equations (4.5) and (4.6) and will also be published elsewhere.
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